We construct asymptotically anti-de Sitter boson stars in Einstein-Gauss-Bonnet gravity coupled to a D−1 2 -tuplet of complex massless scalar fields both perturbatively and numerically in D = 5, 7, 9, 11 dimensions. These solutions possess just a single helical Killing symmetry due to the choice of scalar fields. The energy density at the centre of the star characterizes the solutions, and for each choice of the Gauss-Bonnet coupling α we obtain a one parameter family of solutions. All solutions respect the first law of thermodynamics; in the numerical case to within 1 part in 10 6 . We describe the dependence of the angular velocity, mass, and angular momentum of the boson stars on α and on the dimensionality. For D > 5, these quantities exhibit damped oscillations about finite central values as the central energy density tends to infinity, where the amplitude of oscillation increases nonlinearly with α. In the limit of diverging central energy density, the Kretschmann invariant at the centre of the boson star also diverges. This is in contrast to the D 
INTRODUCTION
The discovery of the Higgs boson has given a clear indication of the existence of at least one scalar field in nature. In addition to the fact that scalar fields are pervasive in many versions of quantum gravity, this has generated renewed interest in obtaining solutions to quantum-inspired effective theories of gravitation coupled to scalar fields.
Prominent amongst such solutions are boson stars: these are smooth, horizonless geometries composed of self-gravitating and (possibly) self-interacting bosonic matter [1, 2] . Unlike ordinary stars and planets, they typically do not have a sharp edge (though solutions with such edges have recently been found [3] ) but instead are bundles of field energy that decay at large distances from their cores. Their astrophysical relevance is not clear at this point in time but they may be possible dark matter halo candidates [4] . In an excited state they typically produce a more physically realistic, flatter rotation curve than in the ground state. However, such excited states decay to the ground state unless they are in rather specific mixed states [5] . Furthermore, boson stars can provide dark alternatives to astrophysical black hole candidates, which could potentially be discerned by gravitational wave astronomy [6, 7] .
From a theoretical perspective, asymptotically anti-de Sitter (AdS) boson stars may play an important role in holographic gauge theories through the AdS/CFT correspondence [8] . All such solutions are zero-temperature objects without horizons and, as such, they describe finite energy excitations above the vacuum state. If AdS boundary conditions are present, their (non-linear) stability is of key import, as it determines whether or not the corresponding state in the holographic dual CFT thermalizes and on what time-scale. While recent work indicates that asymptotically AdS space-times suffer from a gravitational turbulent instability [9] [10] [11] [12] , which might lead one to expect that AdS boson stars are non-linearly unstable to black hole formation, it has also been shown that there exists a wide range of initial data that are immune to this instability [13] . This suggests that on the gauge theory side there is a family of strongly coupled CFT states that do not thermalize in finite time.
A natural question to ask is how generic this feature of the initial data considered in Ref. [13] is.
In that respect, one of the immediate ongoing tasks is to map out the territory of boson star solutions.
Quite a wide range of solutions have been obtained for various forms of scalar matter. These include a complex doublet of massive [14, 15] and massless [16, 17] scalar fields, self-interacting scalar fields [18, 19] , scalars with gauge charges [20, 21] , scalars in space times with de Sitter [22, 23] , flat [18, 24] , or anti-de Sitter [14, 25] boundary conditions, solutions in (2 + 1) dimensions [14, 26, 27] , and rotating doublets [17] and multiplets [16, 28] of scalars.
These latter solutions are intriguing insofar as they posses only a single Killing vector, in contrast to most other solutions that impose a relatively high level of symmetry to yield equations that can feasibly be solved, either analytically or numerically. Solutions possessing less symmetry have gained interest lately, in part because of recent work suggesting that the turbulent instability of global AdS is due a high level of symmetry [29] : the normal mode frequencies are all integer multiples of the AdS frequency, leading to a large number of resonances responsible for the nonlinear instability. Though a clear relationship between boson star properties and physically observed states in CFTs is not currently known, these lower-symmetry solutions are thus expected to be nonlinearly stable and their holographic dual CFT states not to thermalize.
Construction of analytic solutions to gravitational field equations have commonly exploited spacetime symmetries in the form of Killing vector fields, which generate the space-time's isometry group. This is the case for both Einstein gravity and its quantum-inspired generalizations, such as Lovelock theories. A rigidity theorem states that if a space-time is stationary, it must also possess an axis of symmetry, implying the horizon of the (multiply rotating) black hole must be a Killing horizon with respect to the Killing field generate the respective stationary and rotational symmetries, with Ω I the associated angular velocities. This yields a minimum of 2 Killing symmetries [30] [31] [32] . Under physically reasonable assumptions a variety of theorems indicate that Killing symmetries are ubiquitous.
If matter fields are introduced, it is possible to reduce the overall degree of symmetry a solution might have whilst retaining a higher degree of symmetry in the metric itself. An interesting case that has been explored recently in a few settings is that of rotating boson star solutions possessing a single Killing vector (SKV). In 5 dimensions there is a clever choice of ansatz [33] for a doublet of scalar fields that admits SKV rotating boson star solutions to the Einstein equations with AdS boundary conditions [17] .
The scalar doublet has an harmonic time dependence that breaks the continuous rotational symmetry.
This ansatz is straightforwardly generalizable to any odd dimension [16, 26] , allowing for perturbative solutions (where energy and angular momentum are small) and for full numerical solutions [27, 28] .
In this paper we obtain both perturbative and numerical solutions for SKV asymptotically AdS boson stars in D = 5, 7, 9, 11 dimensions in Einstein-Gauss-Bonnet (EGB) gravity. EGB gravity is a special case of Lovelock gravity [34] , a class of higher curvature theories of gravity that are distinguished by having their field equations not containing terms with more than two derivatives of the metric. They are of interest in quantum gravity insofar as one expects the Einstein action to be an effective gravitational action, valid for small curvature (or low energies), that will be modified by higher-curvature terms. A given contribution to the action in D-dimensions consists of a product of the Euler density L (k) of a 2k dimensional manifold and an arbitrary constantα (k) and so contributes to the equations of motion only if D > 2k. The simplest case beyond Einstein gravity is EGB gravity for which k = 2, implying
As with the Einstein case, we obtain for any given value of the Gauss-Bonnet coupling constant α (except at a certain critical value α cr ) a one parameter family of solutions parameterized by the central energy density of the boson star. For D > 5, in the limit that this central energy density tends to infinity, the mass, angular momentum, and angular velocity all display damped oscillations that limit to finite values, while the Kretschmann scalar at the centre of the boson star diverges. We find that as α increases, the amplitude of the damped oscillations increases, while it decreases with increasing space-time dimension. For D = 5 we find markedly different behaviour: the Kretschmann scalar at the centre diverges for a finite value of the central energy density, with this critical value decreasing as α increases. All of the solutions constructed in this paper, both perturbative and numerical, limit to the Einstein case [16, 26] as α → 0; we do not consider alternate possible branches of solutions that do not have this limit, though such branches may indeed exist with the addition of the Gauss-Bonnet term in the gravitational action.
The critical value of α exists in any dimension and corresponds to a class of quadratic curvature theories that have different properties than those of the standard EGB-type [35] . Locally maximally symmetric solutions admit only one fixed radius of curvature, and while they admit spherically symmetric black hole solutions, these solutions do not obey the falloff boundary conditions that solutions in α = α cr theories require. Indeed, this class of theories admits BTZ-like solutions, in which there is a mass gap between the zero mass black hole and AdS spacetime. While we shall not consider these theories here, analysis of boson star solutions in this case would be interesting, and require an approach similar to that recently employed for D = 3 rotating boson stars [28] .
Numerically we are unable to explore values of α in the range 0.90α cr < α < α cr . However it is possible to examine boson-star solutions for α > α cr . Even though these solutions have ghostlike excitations about an AdS-vacuum, their physical mass and angular momentum are both multiplied by an α-dependent factor that ensures the mass remains positive. We shall briefly comment on these solutions near the end of our paper, leaving a more detailed analysis for future study.
The remainder of this paper is structured as follows: in section 2 we present the metric and scalar field ansätze and obtain the constraint equations and ordinary differential equations (ODEs) that must be solved. We describe the boundary conditions and the basic physical properties of the boson stars in section 3. We then analytically construct perturbative solutions in section 4. In section 5 we describe the numerical methods used to construct the full non-perturbative solutions, which are presented in section 6 along with a discussion about their salient features. In section 7 we discuss a preliminary investigation of the region of parameter space for which α > α cr . Finally, in section 8 we provide some concluding remarks.
SETUP
We begin with D = n + 2 dimensional Einstein-Gauss-Bonnet gravity with negative cosmological constant minimally coupled to an n+1 2 -tuplet of complex massless scalar fields
where
and where Λ is the cosmological constant. The equations of motion resulting from this action are
is the stress-energy tensor of the scalar fields. We will only be interested in solutions that asymptote to AdS and we thus require global AdS to be a solution to eq. (2.3) with Π = 0. This requirement fixes the bare cosmological constant Λ to 6) where is the effective AdS length. Note that global AdS is still a solution for Λ positive, negative, or zero, provided α is appropriately chosen; this is because the Gauss-Bonnet term, in the absence of matter sources, acts like a negative cosmological constant.
We shall employ the following ansätze for the metric and scalar fields [16] 
where z i are complex coordinates such that i dz i dz i is the metric of a unit n−sphere. It is straightforward to show using the choice
is the Hopf fibration of the unit n−sphere, where
and g ij is the metric on a unit complex projective space CP n−1 2 . In these coordinates, χ and the φ i all have period 2π while the θ i take value in the range [0,
. This construction only works in odd dimensions, so we shall restrict our attention to n = 3, 5, 7, 9 (though our results can be extended to any odd value of n ≥ 3).
The n = 3 form of this construction was first used in Ref. [33] to construct boson star solutions in 5-dimensional Einstein gravity coupled to a doublet of self-interacting scalars. The construction above is crucial in obtaining rotating boson star solutions in any odd dimension. The scalar fields can be regarded as coordinates on C n+1 2 , with Π tracing out a round n-sphere (for any value of r) with a time-varying but otherwise constant phase. Constant r surfaces in the metric (2.7) correspond to squashed rotating n-spheres. The first term in the stress-energy tensor T ab is the pull-back of the round metric on the n-sphere and the second term is proportional to g ab . Hence T ab has the same symmetries as the metric (2.7).
Note that while the matter stress tensor has the same symmetries as the metric, the scalar fields themselves do not. The scalar field (2.8) is only invariant under the combination
whereas the metric (2.7) is indeed invariant under ∂ t , ∂ χ as well as the rotations of CP n−1
2 . Any solution with non-trivial scalar field content will only be invariant under the single Killing vector field κ given by (2.11).
The equations of motion yield a system of five coupled second order ODEs. These are rather cumbersome to write down and so we have relegated them to appendix A.
BOUNDARY CONDITIONS AND PHYSICAL CHARGES
In this section, we write down the boundary conditions that boson stars in EGB gravity must satisfy; we shall employ the same boundary conditions as in the Einstein case [28] , both at the origin and asymptotically.
Boundary Conditions at the Origin
Since a boson star geometry must be smooth and horizonless, all metric functions must be regular at the origin. Furthermore, surfaces of constant t in the vicinity of the origin are described by round n-spheres (with r the proper radial distance). Multiplying (A.5) by r 2 , we note that Π must vanish at the origin in order to yield consistent equations of motion. Thus, the boundary conditions at the centre of the boson star take the form
for all n, where q 0 is a dimensionless parameter such that the energy density of the scalar field, T 00 , at the origin (hereafter called the central energy density) is proportional to q 2 0 . In fact for a given value of α, q 0 uniquely parameterizes the one-parameter family of boson star solutions in each dimension.
Formally, it is defined by q 0 ≡ Π (0).
Asymptotic Boundary Conditions
In order to simplify the asymptotic boundary conditions, we first make note of a residual gauge freedom. It is straightforward to show that the transformation
for some arbitrary constant λ, leaves both the metric (2.7) and scalar field (2.8) unchanged. We find it convenient in our numerical analysis to set λ = ω so that we can setω = 0: in this frame, the coordinates are rigidly rotating asymptotically so thatΩ(r) → −ω as r → ∞. In what follows, we usẽ χ,Ω(r), and ω but we drop the tildes for notational convenience.
As r → ∞, the boson stars asymptote to AdS with corrections for mass and angular momentum.
This determines the metric functions up to constants C f , C h , and C Ω . The boundary condition for the scalar field is set by requiring Π to be normalizable. Explicitly we obtain
3)
where is a dimensionless measure of the amplitude of the scalar field at infinity. The constants C f , C h , and C Ω are determined from solving the equations; note that the leading order corrections to g(r) and h(r) are not independent. In the next section we shall solve the equations perturbatively, and will find (as in the Einstein case [16] ) that uniquely parameterizes the boson star solutions. Non-perturbatively the situation is different, as we shall explore in section 6.
At this point, it is important to note that we are using to define the asymptotic behaviour of f (r), and as long as 2 > 0, the space-time will be asymptotically AdS. By defining the AdS length in this way, the relation (2.6) for the cosmological constant follows from the field equations. This convention differs from another common convention [35, 36] , which sets
(where L is the would-be AdS length in the absence of the Gauss-Bonnet term) and leads to an upper bound on α α < L 2 4 (n − 1) (n − 2) (3.5) in order to satisfy AdS boundary conditions [36] . In terms of the convention used here, this inequality can be expressed as
which immediately implies
Note that this gives the critical value of α for the Gauss-Bonnet coupling in any dimension [35] , which also appears in the perturbative boson star solutions as will be seen shortly.
Physical Charges
The SKV boson stars are invariant under the single Killing field (2.11). However since the scalar fields vanish at infinity with sufficient fall-off, both ∂ t and ∂ χ are each asymptotic Killing fields (the metric alone being invariant under them for the full solution). Consequently conserved charges can be defined where ∂ t and ∂ χ are readily associated with a conserved energy and angular momentum respectively. We use the definitions proposed in reference [37] , given by
where C f , C h , and C Ω are the constants appearing in the asymptotic boundary conditions (3.3).
This prescription emerges from a semiclassical treatment whereby the actions are calculated using the boundary counterterms found in [37] . The above definitions ensure that the first law of thermodynamics is satisfied for black holes in EGB theory, at least in the spherically symmetric case where an explicit solution is known.
The existence of these asymptotic Killing symmetries also guarantees that the boson stars satisfy the first law of thermodynamics. They have vanishing temperature and entropy, so the first law takes the form
This relation provides a useful and important numerical tool: by requiring the solutions to respect the first law (3.10) to at least one part in 10 6 , we obtain a primary cross-check on the validity of the numerical methods used.
PERTURBATIVE SOLUTIONS
In this section, we consider perturbative solutions to the Einstein-Gauss-Bonnet equations that satisfy the boundary conditions of section 3. These solutions are horizonless and are constructed as perturbations around AdS; they generalize those found previously for Einstein gravity in [16] . We take the scalar field condensate parameter, , as the perturbative expansion parameter and we give results up to order 6 for the space-time dimensions of interest in string theory, namely D = 5, 7, 9, 11. As a perturbative construction, these results will only be valid for small energies and angular momenta.
They will provide another useful check on the numeric solutions we present later in the paper.
Perturbative Boson Star
Since we require global AdS to be a solution when the scalar field amplitude vanishes, we employ the expansion
where F ∈ {f, g, h, Ω} is shorthand for each of the metric functions in (2.7). Note that the scalar fields are expanded in odd powers of whereas the metric functions are expanded in even powers. The perturbative solution to the equations is thus obtained by starting with global AdS -the 0th terms in the metric function expansions above.
The scalar equation (A.5) is then solved in this background, yieldingΠ 1 (r). The full set of equations of motion (A.1-A.6) are then satisfied up to order . The stress-energy for these scalars is then of order 2 , which induces source corrections to the gravitational fieldsF 2 (r) (the i = 1 terms in the metric functions). These in turn back-react on the scalar fields, and the next-order solution to (A.5) yields Π 3 (r), thereby satisfying the equations of motion up to order 3 .
This bootstrapping procedure can be carried out to arbitrary order in . The angular frequency must also be expanded in even powers of because the scalar fields back react on the metric, inducing nontrivial frame-dragging effects, which in turn affect the rotation of the scalar fields. These corrections to ω are found by imposing the boundary conditions.
Global AdS is given by
The most general massless scalar field solution to (A.5) in this background that is consistent with the asymptotic boundary conditions (3.3) is
where 2 F 1 is the hypergeometric function. Note that the Gauss-Bonnet parameter α does not enter at this order. In order to satisfy the boundary conditions at the origin (3.1) we must require
where the non-negative integer, k, describes the various possible radial modes of the scalar field. While any radial profile for the scalars is possible, it must be built up from a linear combination of the radial modes that necessitate the inclusion of multiple frequency parameters, ω k . This is inconsistent with the existence of the Killing vector field (2.11). These higher modes represent excited states, whereas the k = 0 mode is the ground state. In what follows, we only consider the ground state, in which case (4.3) simplifies to
Next, we insert (4.5) and the expansion (4.1) into the equations of motion (A.1-A.6), expand in and solve at order 2 . Using the boundary conditions to fix the two constants of integration that emerge, the order 2 corrections to the metric functions,F 2 (r), are then inserted into the equation of motion for Π(r) to find its order 3 correction. This procedure, carried out up to but not including order 6 , yields
h(r) = 1 + r 2 n+5 h n;4
where the fields {f n;s , g n;s , h n;s , Ω n;s , Π n;s } are simple polynomials in r; in this notation s labels the order in and n = D − 2 labels the space-time dimension 1 . These fields are catalogued in Appendix B for n = 3, 5, 7, 9 up to order 6 , with the associated energies and angular momenta in Appendix C. It is straightforward to check that these latter quantities obey the first law (3.10) to order 6 .
The perturbative solutions all reduce to those of the Einstein case [16] in the limit α → 0. Perturbative boson star solutions obeying the boundary conditions (3.3) do not exist for α = α cr in any dimension.
NUMERICAL CONSTRUCTION
We numerically construct boson star solutions by approximating the metric and scalar field functions
, Ω(r), Π(r)} as Chebyshev polynomials and using a relaxation method on a Chebyshev grid. A detailed review of this procedure can be found in [38] .
Before the Chebyshev grid can be constructed, we must first compactify the infinite domain r ∈ [0, ∞) to the finite domain y ∈ [0, 1], which is done via the simple coordinate transformation
The grid then consists of the set of points y k = (cos(kπ/N ) + 1)/2, k = 0, ..., N , which are the N + 1 extrema of the N th order Chebyshev polynomial, T N (2y − 1).
Next, we define auxiliary functions {q f , q g , q h , q Ω , q Π }, which are analytic over the entire domain y ∈ [0, 1], by taking into account the boundary conditions (3.1) and (3.3).
The remaining discussion will use the coordinate y, with a prime denoting a derivative with respect to y.
The boundary conditions for the q-functions are found by first converting the field equations (A.6)-(A.3) into functions of y, then Taylor expanding them around the two end points y 0 = 0, 1 and requiring that they vanish order by order. The lowest order terms give non-trivial relationships between the qfunctions and their first derivatives. At y 0 = 1 we obtain
At y 0 = 0 we find
where q f (0) is given by
We generate solutions to the equations of motion by approximating each of the q-functions as an order N Chebyshev expansion, using the method described in [38] . These expansions are substituted into the equations of motion (A.1)-(A.6) at the N − 1 interior grid points and into the boundary conditions (5.9) and (5.7) at the 2 boundary points. In so doing, the numerical integration is reduced to a set of 5(N + 1) algebraic equations in the spectral coefficients of the Chebyshev expansions. These equations are then linearized with respect to each spectral coefficient and a standard Newton-Raphson method is used to solve the resulting system of linear equations, with convergence defined as a change in the spectral coefficients less than 10 −30 between iterations.
A one parameter family of solutions, parameterized by q 0 , is built up using a step size of ∆q 0 = 0.01; along this chain of discrete solutions, the previous numeric solution is used as the seed for the next one.
The initial seed we use to start the procedure has q 0 = 0.01 and is given by the perturbative solution (4.6)-(4.10), where the numeric parameter q 0 is related to the pertubative parameter through the
and Π(r) is taken to be the perturbative solution of equation (4.10).
To ensure the numeric solutions are physical, we demand that they obey the first law of thermodynamics (3.10) to one part in 10 6 . When this limit is no longer satisfied, this is taken as an indication that the Chebyshev grid is too coarse; at this juncture we increase N , refining the grid, and continue the procedure. This provides a useful cross-check on the validity of the solutions, but not the only one.
Due to the exponential convergence of the Chebyshev approximation (for example, see Ref. [38] ), the truncation error in the approximations of the q-functions can be easily estimated via
for some real number k, characteristic of the Chebyshev expansion. Here we have used the property that −1 ≤ T j (x) ≤ 1 and that C j ≈ C 0 e −kj . Using the % error ≈
to quantify the truncation error, we impose that it must be less than 10 −7 for all solutions.
The numerical integration method requires that the equations of motion are satisfied only on the grid points. This does not demand that they are solved everywhere. We find that, in general, the largest interpolation error occurrs at the midpoint between grid points, i.e. the zeroes of the N th Chebyshev polynomial. As long as the grid is dense enough to satisfy the constraint on the first law, this error is less than 10 −5 .
Finally, we note that the critical value of α imposes constraints on the efficiency of our numerical work: in seeking to obtain solutions for α less than but close to α cr , we find that significantly larger resolution is required, necessitating a corresponding increase in the number of grid points and thus the computational processing time; above a certain value of α this becomes intractable. We have not been able to obtain solutions for 0.9α cr < α < α cr in any dimension.
RESULTS
We find it convenient to write the expressions for the physical quantities of the boson star in terms of the boundary values of the q-functions and their derivatives. For example, the thermodynamic quantities are given by [37] 
which can be easily calculated using (3.8) and (5.2 -5.6). The Kretschmann scalar K = R abcd R abcd at the center of the boson star is given by
which further simplifies using the boundary conditions (5.9), yielding an expression in terms of just q h (0). The resulting expressions are rather cumbersome, and so we have placed them appendix D.
We use these quantities to study the behaviour of boson stars as a function of the Gauss-Bonnet parameter α for n = 3, 5, 7, 9. In order to easily make comparisons between the different dimensions, ). The α = 0 case yields results that are commensurate with those obtained for the Einstein case in Ref. [28] . This provides a useful cross-check on our analysis, since the form of the field equations used here (A.1)-(A.6) differs significantly from the form in Ref. [28] .
The most noteworthy feature to emerge from our study is the distinction between the D = 5 (n = 3) case and that of higher dimensions. We shall first discuss the D > 5 cases.
The M and J curves as functions of have the familiar spiral-like behaviour that was seen in the Einstein case [28] , evident in figures 1 and 2, with better resolution given for the D = 5 values in figure   3 . Asα increases, the spirals become larger. The spirals also tighten with increasing dimension -they are barely visible for D = 11 (n = 9). Similar spiral-type behaviour is also present for ω plotted as a function of , as seen in figure 4.
Plotting both M and J as functions of q 0 , we see from figures 5 and 6 (with detail for D = 5 given in figure 7 ) that for the n = 5, 7, 9 cases the damped oscillations of the Einstein case [28] are still present.
Except for D = 7, the maximum of these oscillations decrease as α increases. terms in figures 5, 6 and 7: asα increases, the curves terminate at such small values of q 0 that no oscillatory behaviour is manifest.
The underlying reason for this behaviour can be traced to the Kretschmann scalar, as delineated in figure 9 . For all values of n we find numerically that the Kretchmann scalar initially decreases to a minimum and then becomes a strictly increasing function of q 0 . However for n = 5, 7, 9 we find that it remains finite for finite values of q 0 , whereas for n = 3 it diverges at a critical value q * h of q h (0), where Although there is a critical value q * h in any dimension (see appendix D), we find numerically that as q 0 increases q h (0) departs further from this critical value, implying that the Kretschmann scalar remains finite for all finite q 0 . However, for n = 3 we find that q h (0) → q * h at finite q 0 , signaling a divergence in the Kretschmann scalar. Furthermore, this critical value of q 0 decreases asα increases; to estimate the critical value of q 0 , in figure 11 we plot q h (0) − q * h and employ a 9th order polynomial fit to interpolate the curve. whereas in the present case we do not find the scalar field to vanish and we find no indication of the formation of a horizon. Nevertheless, we expect that these solutions will be dynamically unstable to hairy black hole formation for some q 0 < q 0critical .
In D = 3 the Ricci scalar is the highest-curvature term that can appear in that dimension; in D = 5 it is the Gauss-Bonnet term that fulfills this criterion. It is tempting to conjecture that such critical energies appear in all odd dimensions in which the gravitational theory includes its highest-possible curvature term. While this would be challenging to numerically check, it is conceivably feasible for the To conclude our analysis, in figure 12 we plot M vs. J for each dimension and the values ofα indicated. The most striking feature is that for each dimension, all of the solutions lie on almost the same line in the energy versus angular momentum graph regardless of the value ofα,at least for sufficiently small values of (M, J). For a given value ofα these curves "turn back", making a zig-zag pattern familiar from the Einstein case [28] , albeit much tighter. Asα increases, the turnaround point for the zig-zag pattern is closer to the beginning of the curve (at smaller values of (M, J)) for D = 7.
As the dimensionality increases the effect of the zig-zag is also suppressed. It is most pronounced in D = 5; for this dimension we found no numerical evidence for a zig-zag pattern for α ≥ 0.3α Max . (a) M vs q0 for D = 5 (n = 3), withα increasing from bottom to top; except forα = 0, the curves all terminate at their endpoints, at which the Kretschmann scalar diverges. 
(c) M vs for D = 9 (n = 7), withα increasing from bottom to top. 
BEYOND α cr
It is possible to numerically analyze solutions for which α > α cr . While a full analysis is beyond the scope of this paper, we present some preliminary results. We find for all boson star solutions that the combinations of the quantities C f , C h and C Ω in (3.8) become negative in this regime, seemingly indicating they have negative ADM mass. However the factor of (1 − α/α cr ) in (3.8) also becomes negative, ensuring that the overall signs of M and J do not change in going from α < α cr to α > α cr .
As before, in order to easily make comparisons between different space-time dimensions, we choose a fixed value ofα = 6 5 . Boson star solutions in this parameter range are qualitatively very different. Unlike for α < α cr , the spiral behaviour in the M and J curves as functions of is not present in any dimension but these quantities instead increase monotonically, as can be seen in figure 13 . Similarly, (a) J vs q0 for D = 5 (n = 3), withα increasing from bottom to top; except forα = 0, the curves all terminate at their endpoints, at which the Kretschmann scalar diverges. 
(c) J vs for D = 9 (n = 7), withα increasing from bottom to top. as is seen in figure 14 , when the M and J curves are plotted as functions of q 0 , they also increase monotonically, and plotting the natural log of M and J against q 0 , s shown in figure 15 , reveals that the curves approach exponential growth as q 0 increases. At first glance it appears that the growth rate is universal for D ≥ 7; however closer inspection reveals that the growth rate increases slightly with increasing spacetime dimension. The damped oscillations that appear in the α < α cr solutions is not present anywhere in these plots. We omit ω plotted as a function of since, it also increases monotonically with increasing and lacks the characteristic spiral behaviour seen for α < α cr .
We again find a difference between boson star behaviour in D = 5 and D > 5, namely that there seems to be a maximum value of q 0 beyond which the numerics break down. However, unlike for α < α cr it can be seen in figure 16 and that q * h − q h (0) is nowhere vanishing and monotonically decreases with increasing q 0 . It is unclear whether the breakdown in numerics in D = 5 is due to a physical effect, but it is clear that these boson stars do not undergo the same drastic change that the α < α cr solutions do. A more thorough investigation of this issue is beyond the scope of this paper and is left for future considerations.
Finally, in figure 17 we plot M versus J. Note that in each dimension the α > α cr solutions are nearly collinear with the α < α cr solutions. However, for α > α cr , these lines do not zig-zag and "turn back" at any value of q 0 due to the lack of damped oscillations in M and J. We chooseα = 0.70 to be representative of the α < α cr solutions, but any value could have been chosen as they all lie on the same curve (see figure 12 ). It appears that for a specified dimension, the M vs. J curve is universal to all values of α = α cr .
Our brief exploration of the α > α cr parameter space has shown that these boson star solutions have properties that are significantly different from α < α cr , solutions. This regime is numerically difficult to explore since a large number of Chebyshev points are needed to find solutions for relatively small values of q 0 . The reason behind this need for increased resolution is not fully understood, as the Kretchmann scalar remains relatively small compared with the α < α crit case. Another puzzling feature is that while the D = 5 case truncates much eariler than the higher dimensional cases, the Kretchmann scalar does not appear the diverge at finite q 0 and q h departs from q * h with increasing q 0 in all dimensions. A full exploration of the reason behind these surprising results will be left for future work. (a) ω vs q0 for D = 5 (n = 3) for variousα. 9.0
(c) ω vs q0 for D = 9 (n = 7) for variousα. 
CONCLUSIONS
We have obtained asymptotically AdS rotating SKV boson star solutions in Einstein-Gauss-Bonnet gravity coupled to a multiplet of massless scalar fields in all odd spacetime dimensions of interest in string theory, i.e. D = 5, 7, 9, 11, both perturbatively in powers of the scalar field amplitude and numerically. For the latter, our approach was to employ the same relaxation procedure on a Chebyshev grid used in the Einstein case [27, 28] . In all space-time dimensions, the perturbative solutions match the numerical solutions for sufficiently small values of q 0 , as expected. Furthermore, each dimension exhibits a critical value of the Gauss-Bonnet coupling constant, α cr , for which the solutions no longer have the asymptotic behaviour in (3.3) ; numerically we were unable to obtain results for 0.9α cr < α < α cr .
The most striking result of the present work is the distinction between the D = 5 case and its higher dimensional counterparts. For D > 5, the physical quantities (M , J, ω) undergo damped (c) K vs q0 for D = 9 (n = 7) for variousα. As with the Einstein case [9] , one might expect asymptotically AdS space-times in Einstein-GaussBonnet gravity to be non-perturbatively unstable to the formation of black holes. Heuristically, global AdS is non-perturbatively unstable to black hole formation because its reflecting boundary conditions imply that finite energy perturbations, given enough time, will come together in sufficient concentration to form a black hole. Since Gauss-Bonnet gravity tends to increase gravitational attraction, we expect (c) q * h − q h (0) vs q0 forα = 0.1 in D = 7, 9, 11 (n = 5, 7, 9). such an effect to be enhanced, though a proper study remains to be carried out. Indeed, since it has been shown that the AdS instability is really due to the high level of symmetry present in global AdS (the normal mode frequencies are all resonant with the AdS frequency [29] ) we expect the boson star solutions constructed in this paper to be non-perturbatively stable, although verifying this explicitly is beyond the scope of the present work.
Further work includes a proper analysis of the α > α cr and α = α cr cases. We have given a brief discussion of the former case. It is straightforward to show that transverse traceless excitations of the metric about an AdS vacuum obey the equation
indicating that for α > α cr such excitations are ghostlike [39] . However the boson star solutions we obtain have positive mass. While presumably unstable, the details of this instability merit further Note added As this paper was nearing completion, we became aware of similar work in D = 5 [40] , in which rotating EGB boson stars were studied for scalar fields in a potential. The zero-potential case corresponds to the one we study, though they evidently discuss only the α = 0 case when rotation is present and the potential vanishes. For nonzero potential they also find in EGB gravity that rotating solutions exist up to some maximal value of the central energy density, though they claim the limiting solutions for this case are regular, in contrast to the massless case that we consider here. 
where a denotes differentiation with respect to r. In addition to these second order ODEs, there is a first order ODE in the form of a constraint equation, given by: Here we catalogue the thermodynamic charges and potentials entering the first law of thermodynamics in spacetime dimension D = n + 2, for n = 3, 5, 7, 9. As the boson star temperature is zero, the first law reads dM = ωdJ. 
